In this paper, we investigate the genuine three-way nonlocality which is recognized as the strongest form of tripartite correlations. We consider theoretically and experimentally a series of suitable Bell-type inequalities a violation of which is sufficient for the detection of three-way nonlocality. For the generalized GHZ (gGHZ) states, it is demonstrated that they do violate tripartite Bell-type inequalities for any degree of tripartite entanglement even if they do not violate Svetlichny inequality. It implies that three-way entangled gGHZ can always exhibit genuine three-way nonlocality under the requirement of time-order-dependent principle. Furthermore, we have determined the maximal amount of noise admissible for the gGHZ states to still remain genuine three-way nonlocal.
I. INTRODUCTION
A fundamental problem in physics is to identify which correlations among different events can be observed within the description based on quantum mechanics. It is known that quantum theory allows correlations between spatially separated systems that are fundamentally different from classical counterparts. Moreover, even a very general quantum theory imposes nontrivial constraints on the allowed correlations among remote observers and hence, the answer for this question becomes not trivial.
One of the most important and at the same time intriguing classes of quantum correlations is known as nonlocal correlations, which has been recognized as an essential resource for quantum information tasks [1] , such as quantum key distribution [2, 3] , communication complexity [4] , and randomness generation [5] . Specifically, the correlations between outcomes of measurements on two or more spatially separated subsystems are said to be nonlocal, if they cannot be reproduced by any localhidden variable (LHV) model [6] . In particular, for the tripartite case, disused in this paper, the standard definition of nonlocality according to Bell [6] can be written as P (abc|XY Z) = λ q(λ)P λ (a|X)P λ (b|Y )P λ (c|Z), (1) where local maps P λ (δ|∆) are one-partite probability distribution of obtaining outcome δ = {a, b, c} with respect only to the local measurement ∆ = {X, Y, Z} and the past variables λ. Naturally, the hidden variable λ is distributed according to q(λ) fulfilling requirements 0 ≤ q(λ) ≤ 1 and λ q(λ) = 1. If such factorization of joined probability distribution exists then the correlations described by P (abc|XY Z) can be explained by locally causal theory. Otherwise, they are referred to as nonlocal correlations.
This definition of nonlocality and resulting Bell-type inequalities, although sufficient for bipartite systems [7] [8] [9] , do not cover all possible variants of multipartite nonlocal correlations. As in the case of quantum entanglement, nonlocal correlations display a much richer and more complex structure for the multipartite case than the bipartite one. For instance, when restricting our consideration to the case of three observers, it is possible to have a hybrid local-nonlocal scenario in which (any) two parties may share bipartite nonlocal probability distribution. According to Svetlichny [10] , an appropriate hybrid local-nonlocal model is given by
where {i, j, k} is an even permutation of {1, 2, 3}, δ = {a, b, c}, and ∆ = {X, Y, Z}. As previously, we expect that 0 ≤ q(λ i ) ≤ 1 and
It turns out that quantum-mechanical description of nature authorizes the existence of correlations that cannot be explained by these more general LHV models and hence, those correlations exhibit genuine multipartite or n-way nonlocality [11, 12] . To test for such type of nonlocality, the Svetlichny inequality (a certain type of Belltype inequality) is usually used [11, 13] 
where A, B, and C denote the three particles, A i B j C k means correlation coefficient and subscripts 0, 1 denote two different measurements. Note that the inequality I 185 presented here has been normalized which will be explained later. The above-described phenomenon has naturally attracted much interest since the genuine multipartite nonlocality represents the strongest form of multipar-tite nonlocality, in which nonlocal correlations are established among all the parties of the system [14] [15] [16] [17] [18] [19] . In particular, it has been shown [20, 21] that within the three-parameter pure GHZ subfamily, |Φ(θ, ξ, ω) = cos θ |000 ABC + sin θ |1 A ⊗ (cos ξ|0 B + sin ξ|1 B ) ⊗ (cos ω|0 C + sin ω|1 C ), the upper and lower bounds of maximal violation of Svetlichny inequality for a given tripartite entanglement monotony (the three-tangle [22] ) are provided by the maximal slice (MS) states [23] and the generalized GHZ (gGHZ) states [24] , respectively. Both states are given by |Φ(π/4, π/2, ω) and |Φ(θ, π/2, π/2) , respectively. For a general case of pure three-qubit state, the upper bound is given by the tetrahedral states which are recognized as a lower bound of the primary yield of GHZ states from the infinitesimal distillation protocol [25] .
The hierarchy which occurs between these three states causes an important consequence in the experimental detection of genuine multipartite nonlocal correlations where the inherent presence of noise must be taken into account, i.e., the more the Bell-type inequality is violated the greater amount of noise is needed to suppress nonlocality. In other words, the more the Bell-type inequality is violated, the more the nonlocality of the state is robust against noise. On the other hand, it is also very interesting that not every pure tripartite entangled state reveals Svetlichny correlations [25] . For example, the gGHZ state admits the hybrid local-nonlocal model in Eq. (2) when θ ≤ 22.5
• . The explanation of the last observation is based on the fact that the hybrid local-nonlocal model proposed by Svetlichny allows for correlations capable of two-way signaling among some parties. As a result, Svetlichny's notion of genuine nonlocality is inconsistent with the operational approaches [26] . To overcome this problem an alternative definition of genuine multipartite nonlocality based on time-order-dependent correlation (in literature denoted as TOBL) has been defined [13, 26] . Specifically, it is assumed that P λi (δ j δ k |∆ j ∆ k ) in Eq. (2) is at most one-way signaling. This model of nonlocality is crucial for the simulation of quantum correlations in all protocols where measurements performed on a particular system may depend on the measurement outcome obtained from another system, e.g. measurement-based computation. In such cases, Svetlichny-type simulation models in which all measurements settings are given at the same time are not relevant.
The hybrid local-nonlocal model can be further extended to the nonsignaling principle [13, 27, 28] , in which the correlations are nonsignaling for all observers. Consequently, the existence of three-way nonlocality is certified by the violation of at least one of 185 inequalities [13] , where the Svetlichny's original inequality is only one of them.
For nonsignalling correlations) are needed to reveal three-way nonlocal correlations for all gGHZ states and hence, to satisfy the Gisin's theorem [29, 30] ; (ii) Is the relation between gGHZ state and MS states still valid if one assumes more general LHV model?; (iii) What is the maximum value of noise required for the non-maximally entangled gGHZ states to produce each type of three-way nonlocality.
Note that partial answers for the first and the last questions are given in Refs. [31] and [13] , respectively. Here, we present an extensive theoretical and experimental analysis in that field, taking into consideration all 185 Bell-type inequalities. To confirm our predictions, we use experimental setup based on correlated photon pairs generation in cascade of two BBO crystal via the process of spontaneous parametric down-conversion [32] [33] [34] . In our experiment, two qubits are encoded into polarization and one qubit is encoded into propagation path. We demonstrate the ability of fast and efficient detection of three-way nonlocality, a task that was not possible with previous three-photon sources [14] [15] [16] . Therefore, our experiment opens the door for future investigations of genuine multipartite nonlocal correlations based on the recent concept of nonlocal fraction [35] [36] [37] [38] [39] , where accumulation of a large amount of data is required.
II. NONLOCALITY OF GHZ STATES UNDER THE OPERATIONAL PRINCIPLE
In this paper we discuss the following problem: Suppose we have three observers Alice (A), Bob (B), and Charlie (C) who perform dichotomic measurements on a quantum state ρ and each party has a choice of two measurement settings. Moreover, we assume that ρ = p|ψ ψ|+ 1−p operator [21] ). Then, the nonlocal correlations of such a system can be generated if the expectation value for ρ exceeds the Bell-type inequality
where the second equality holds because the operatorÎ is traceless. The parameter C LHV depicts the upper threshold of one inequality for local realism [13] . To render the discussion more transparent, in the rest of the paper we use Bell-type operatorÎ normalized in such a way that C LHV ≡ 1. On the basis of that result we can determine the minimal value of the p parameter (maximal strength of noise) required for the quantum state to exhibit genuine multipartite nonlocality, namely
where
is the maximal violation of the Bell-type inequality with respect to |ψ and the maximum is taken over all possible measurement settings. Naturally, for various I, different values of p min can be reached. Therefore, in order to investigate the maximal extent to which the gGHZ and MS states can produce each type of multipartite nonlocality, we consider all 185 Bell-type inequalities which describe the tripartite polytope of three-way correlations formulated in Ref. [13] .
As an example of Bell-type inequality, let us now consider the 96th facet inequality, a violation of which implies that nonlocal correlations are time-order dependent [13] ,
where we assume to have an ensemble of projective mea-
and c 0 , c 1 are of length 1 and σ = {σ x , σ y , σ z }, where σ x , σ y , and σ z denote the Pauli operators associated with three orthogonal directions. For the generalized GHZ state,
where 0 ≤ θ ≤ π 4 , the maximum value of I 96 in Eq. (6) becomes
To achieve I 
Interestingly, the same boundary can be found for the 99th facet inequality
where all symbols have the same meaning as before. Indeed, when a 0 and b 0 are aligned along the x direction, and a 1 and b 1 are aligned along z and • the normalized 96th facet inequality can be violated stronger than the normalized Svetlichny inequality I max 185 (|G ) = max 1 − sin 2 (2θ), 2 sin 2 (2θ) (discussed in details in Ref. [21] ). This means that for nonmaximally entangled gGHZ states, there exists a range of p values for which these states are too noisy to exhibit Svetlichny nonlocality, but can still generate the timeorder-dependent correlations. This result can be enhanced even more if one takes the 10th facet inequality (also TOBL class inequality) into consideration:
Then, the maximal violation of I 10 with respect to the gGHZ state can be approximated as inequality when θ < 14.94
• (see Fig. 1 ). Furthermore, numerical optimization performed on the remaining Belltype inequalities given in Ref. [13] reveals that the abovedescribed results are sufficient to estimate the threshold visibility of the gGHZ states. Consequently, the higher threshold visibility p 
At the end of this section, let us mention that similar calculations have been made for the MS state. In that case we have found that Svetlichny correlations are sufficient to determine minimal values of p, i.e.,
. . , 184. In order to compare the threshold visibility achieved for gGHZ and MS state, we use a quantity called three-tangle τ [22] which refers to tripartite entanglement, where τ (|G ) = sin 2 (2θ) and τ (|M S ) = sin 2 ω. Then, one can find p(|M S ) > p(|G ) if and only if τ > 0.0434. In other words, the three-way nonlocal correlations generated with gGHZ states are more fragile against noise then correlation produced with MS states almost in the entire range of tripartite entanglement.
III. EXPERIMENTAL SETUP
We use a standard configuration for generation of photon pairs in the process of spontaneous parametric downconversion; see Fig. 2 . A cascade of two BBO crystals is used in a so-called Kwiat configuration to generate polarization-correlated photon pairs [32] [33] [34] . The beam displacer (BD) in the state preparation part allows one 
where {0, 1} labels the first photon's spatial mode and {H, V } the polarization state of the first and second photon, respectively. Associating polarization states {H, V } with logical state {0, 1} immediately identifies the state as |G according to Eq. (7). The angle θ and zero phase between the two components of the state (13) are set using rotation and tilt of two wave plates in the pump laser beam. To measure any correlation coefficient A i B j C k we set accordingly the six wave plates in the projection part of the setup and measure coincidence counts on the two detectors, denoted f +++ . For normalization we have to measure also all seven orthogonal projections, i.e., f −++ , which means orthogonal projection in qubit A and likewise for other terms. Correlation function is then calculated as
To obtain the experimental value of I 185 the threequbit correlation functions are sufficient. For the other inequalities I 10 , I 96 , I 99 we have to evaluate also twoqubit and one-qubit correlations. Correlation functions for only two qubits can be calculated summing coincidence counts measured for two orthogonal projections on the third irrelevant qubit, e.g.: 
And similarly, we can measure the one-qubit correlation from the coincidence counts as follows,
IV. EXPERIMENTAL RESULTS
First, we experimentally verify the resulting conclusions presented in Sec. II for the prototype GHZ state. To do this, we adjust the experimental setup in such a way to have θ = (45.0 ± 0.5)
• . This angle is calculated from the experimental measurements as
where f i denotes two-photon coincidence rates when projecting all three qubits on logical states |111 and |000 , respectively. To obtain complete information about generated state ρ exp , quantum state tomography and maximumlikelihood estimation have been used to reconstruct the output-state density matrix [40, 41] . Results are shown in Fig. 3 . We then determine fidelity F of ρ exp with respect to the ideal state in Eq. (7), i.e., we use
where maximization is done over θ ∈ 0 • , 45
• . In the ideal case, the fidelity F shall be equal to 1. In our case, due to experimental imperfections, the observed outputstate fidelity F (ρ exp ) = 0.977 ± 0.002 with the optimal angle θ opt (which provides maximum F ) equal to 44.39
• , which is in line with previous fast estimation of θ. The error bar of the fidelity is determined by Monte Carlo simulations of Poissonian noise distribution.
To investigate whether the reduced fidelity is caused by improper setting of individual components or by depolarization effects, we calculate the state's purity P = Tr(ρ 2 ). The undesired but coherent state transformations can arise, e.g., from imperfect polarization compensation by means of the controllers at the input of the beam displacer (photon in mode 1) while the main reason of the depolarization is noise arising from photon-pair emission of the source, which leads to a reduction in the purity P of the output state. By straightforward calculations we find that P (ρ exp ) = 0.967 ± 0.005. This value allows us to determine an upper bound F max (ρ exp ) = 1 8 (1 + 56P (ρ exp ) − 7) = 0.983 ± 0.003 on the observable fidelity (discussed in Appendix C). As we see, the fidelities F (ρ exp ) is very close to F max and hence, is mainly limited by the presence of noise. The influence of parasitic states can be also estimated by means of tripartite negativity
, where N i|jk indicates the bipartition negativity of qubit i and joined qubits jk [42] . We find that N tri (ρ exp ) = 0.970±0.005, what is in perfect agreement with theoretical predictions, N tri (45
• , P ) = 0.976 ± 0.004, where P ≡ P (ρ exp ) depicts the purity of ρ exp (see Appendix C).
Next, using the reconstructed state ρ exp and numerical optimization performed with respect to measurements setting, the maximal attainable values of inequalities discussed in Sec. II have been determined as . As we see, in each case the difference between I i (ρ exp ) and theoretical prediction is not greater than 0.015, which suggests that our measurement outcomes behave asp × I max i
(|G ).
Finally, all necessary correlations that enter into I 10 , I 96 , I 99 , and I 185 are measured directly. To do this we use the correlation function in Eq. (14) and the appropriate measurements settings described in Sec. II. As a result we get 
Note that the differences between results presented in Eqs. (19) and (20) are not greater than 0.025. It is also important to emphasize that our result for I max 185 is much closer to the maximal attainable value for Svetlichny inequality of √ 2 than the outcomes so far presented in literature, where I max 185 is approximately equal to 1.128 [14] or 1.115 [15, 16] .
We repeat our investigation for other angles θ (presented in Table I ). As we see in Fig. 4 (a) , for each case the fidelity F (purity P ) fluctuates between 0.968 and 0.995 (between 0.955 and 0.994), which confirms a good quality of generated states. Moreover, the tripartite negativity N tri (ρ) is also in perfect agreement with theoretical predictions N tri (θ, P ) (see Fig. 4 (b) ), implying that the influence of parasitic states is negligible for all analyzed θ.
Further analysis of the generated states confirms that the maximal attainable value of I 10 , I 96 , I 99 , I 185 as functions of θ behaves likep × I max 10 (|G ) (see Table  II ). The maximal difference ∆I i = |I i −pI (12), our results are in perfect agreement with theory (dotted line in Fig. 6 ).
V. CONCLUSIONS
In conclusion, we have theoretically and experimentally investigated the violation of four Bell-type inequalities which refer to the existence of three-way nonlocality. In particular, series of gGHZ states with high fidelity (F ≥ 0.968) have been prepared experimentally and we have demonstrated the test of the above mentioned Bell-type inequality on these states. Our results clearly demonstrate that the gGHZ states exhibit nonlocal correlations in the entire range of tripartite entanglement (for any θ > 0), although these states cannot violate the standard Svetlichny inequality, i.e., the threeway nonlocal correlations obtained from these states violate the newly derived Bell-type inequalities based on time-order-dependent local realism models. On the basis of that result the minimal value of the p parameter (maximal strength of noise) admissible for the gGHZ states to exhibit genuine multipartite nonlocality has been determined.
Our experiment demonstrates the ability of fast and efficient detection of three-way nonlocality and hence, it opens the door for future investigations of genuine multipartite nonlocal correlations based on the recent concept of nonlocal fraction [35] [36] [37] [38] [39] .
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The expectation value of terms in the first parentheses with respect to the gGHZ state is given by
and hence, the global maximum of I 96 with respect to θ 
where the last inequality comes from x cos α + y sin α ≤ x 2 + y 2 and is saturated when tan α = y/x. Finally, the set of measurement angles that provides the equality in the above expression is given by θ In order to find a global maximum of the 10th facet inequality a similar method as in Appendix A has been applied. In this way the following set of measurements has been determined: {θ 
It should be noted that angles ϑ 0 and ϑ 1 can be easily approximated as: ϑ 0 ≈ (0.004θ 2 −1.024θ +180) and ϑ 1 ≈ max{( 
In other words, F increases linearly with p. Analogously, the purity is given by P (ρ) = Tr(ρ 2 ) = 1 + 7p
As we see, when the experimental noise is negligible, both the purity and fidelity should be equal to 1 and they decrease to 1/8 if we measure unbiased noise only. Moreover, the fidelity decreases with the purity P , the presence of undesired states and with any unwanted qubit's rotations around the Bloch sphere, that could be due to, e.g., optical misalignment.
To get some indication about whether the less-thanunity F is caused mostly due to the purity reduction (assuming the input state |ψ is pure) or to imperfect preparation of the state (e.g., qubits' rotation), we can estimate the maximal fidelity F max . Specifically, let us assume there are no unwanted rotations, and that the reduction of fidelity comes from the presence of white noise. Then, one can insert the measured value of the purity P in Eq. (C2) into Eq. (C1) which effectively yields an upper bound to the measured value of the fidelity,
Finally, if one assumes that |ψ = |G , i.e., ρ = p|G G| + where θ is defined in Eq. (7) and we use the relation
given in Eq. (C2).
